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The coherence properties of two downconversion processes 
continuously coupled via idler beams are analyzed. We find 
that the amount of which-way information about a signal 
photon carried by idler beams periodically attains its max- 
imum and minimum in the course of evolution. In correspon- 
dence with the famous experiments by Mandel's group on the 
induced coherence without induced emission the coherence 
of signal beams is governed by that information. The ideal 
which-way measurement is constructed. 



I. INTRODUCTION 

In famous experiments by Zou et al. and Wang et 
al. 0] it has been shown that the coherence of signal 
photons originating in two downconversion processes can 
be induced by making them indistinguishable. This has 
been accomplished by aligning the idler beam of the first 
process with the idler beam of the other, preventing the 
possibility to tell the signal photons originating in dif- 
ferent crystals from each other based on the observation 
performed on the idler beams. Aligning the idler beams 
in this experiment in fact amounts to introducing a dis- 
crete (temporally localized) coupling of the two processes 
- the output of the first one being the input of the other. 
However, a discrete coupling is not the only possibility 
here. It is well known that many interesting dynamical 
and quantum-statistical phenomena arise as well from 
the continuous coupling of two or more optical processes 
. A natural question arises whether also the interplay 
between quantum indistinguishability and coherence is 
reflected in the dynamics of two downconvertors expe- 
riencing continuous rather than discrete coupling. Such 
scheme would be a generalization of the original experi- 
mental setup of Zou et al. jij which might exhibit richer 
phenomena. For example, one could imagine that the 
which-way information carried by the output idler beams 
of continuously coupled downconvertors could somehow 
depend on the length of the interaction region. 

The analysis will be done in two steps. First, the coher- 
ence properties of two continuously coupled downconver- 
sion processes will be discussed for a particular choice of 
the relevant parameters. Then the setup will be replaced 
by two simpler devices - one resembling the experiment 
of Zou et al. |l| and the other being the two-photon in- 
terferometer of Ou et al. |1 - performing the same input- 
output transformations, which are more convenient for a 
general analysis in terms of which-way information. 



II. INDUCED COHERENCE WITHOUT 
INDUCED EMISSION 

The setup of the thought experiment which will be 
discussed in the following is shown in Fig. |l|. Two spon- 
taneous downconvertors fed by strong coherent sources 
generate four downconverted modes, hereafter denoted 
si, i%, S2, «2; s and i stands for "signal" and "idler", 
respectively. Rather than cascading the downconvertors 
and aligning the idler beams as was proposed and realized 
by Zou et al. jjj we let the idler beams interact contin- 
uously. The conceptually simplest interaction between 
two modes is a linear energy exchange, which can be eas- 
ily realized e.g. by means of evanescent waves [|. At the 
output, the signal beams are superimposed at beamsplit- 
ter BS and then detected by detector D. The resulting 
interference pattern is scanned by varying the signal path 
difference. 

The experimental setup in Fig. [I] (without beamsplitter 
BS) can be thought of as a single device described by the 
effective interaction momentum operator 



G = h(T 1 At 1 Al+T 2 At 2 Al 2 



nA il A i2 
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Here A^ is the annihilation operator of mode fc, Ti and 
Yi are the effective strengths of the corresponding down- 
conversion processes Q and k is the strength of the linear 
interaction acting between modes i\ and i 2 . The unitary 
evolution operator generated by G reads U — exp[iGz/h] 
and the spatial evolution of field operators is governed by 
the Heisenberg equations of motion 
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The device can operate in two very different regimes: 



|k < |Ti| + | r2 1 above threshold, 
\k\ >\Ti\ + |r 2 | below threshold. 



(3) 



Above the threshold the intensity of downconverted light 
grows exponentially with increasing interaction length L, 
whereas below the threshold all modes exhibit oscilla- 
tions. We will mainly be interested in the coherence of 
the signal beams. We define the (normalized) mutual 
coherence of signal beams 7 through the relation 
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where the imaginary unit i has been factored out in or- 
der to make 7 a real quantity. In principle there are 
two ways how the signal beams originating in two spon- 
taneous downconvertors can become coherent. Either 
the coherence can be induced by the emission of signal 
photons stimulated by idler photons traversing from one 
medium to the other one, or, as was shown in |Q, it 
can originate in the principal indistinguishability of sig- 
nal photons. In experiments of Zou et al. the former 
(classical) cause of coherence was eliminated simply by 
keeping the low rate of generation of downconverted pho- 
ton pairs. This can be easily imitated with our setup in 
Fig. [|. We have already mentioned that below thresh- 
old the intensities of all the four downconverted modes 
oscillate. It can be shown that the amplitude of the oscil- 
lations decreases with increasing strength n of the linear 
interaction |J . This is caused by the effective phase mis- 
match introduced by the continuos interaction (see also 
the discussion in section IV). We note that such an in- 
hibition of downconversion process by coupling it to an- 
other mode or process can alternatively be interpreted as 
the quantum Zeno effect j^g, the linear coupling being 
a sort of continuous measurement Hence for suffi- 

ciently strong coupling strength k, the intensities of all 
the involved modes keep low, and spontaneous emission 
dominates in the course of evolution. 

A typical behavior of the mutual coherence function 
(|J) well below threshold is shown in Fig. || (solid line). 
A characteristic resonant feature can be seen in Fig. 
repeating regularly. The coherence of the signal modes 
periodically attains its maximum allowed values ±1 and 
hence the signal modes become fully coherent every now 
and then. We remind the reader that this coherence is 
not induced by a stimulated emission because the rate 
of the emissions stimulated by the exchanged idler pho- 
tons remains very small compared to the rate of sponta- 
neous emissions. This is due to the small mean number 
of photons present in the system (see Fig. 0^ dotted line). 
Analogously to Zou et al. [I]] we claim that for the corre- 
sponding interaction lengths the state of the output light 
is such that no matter what measurement is performed on 
the output idler modes, no information about the mode 
in which the signal photon has left the coupled down- 
convertors is gained; the probability of having more than 
one output signal photon being very small. Similarly it 
is tempting to state that roots of 7 imply the presence 
of a perfect which- way information about the signal pho- 
ton in the idler modes for these interaction lengths. This 
would correspond to preventing the first idler beam from 
reaching the second crystal in the experiment by Zou et 
al. M. 



III. SUBSTITUTING SCHEMES 

A. Modified setup of Zou et al. 

Although it is possible to obtain analytical solutions 
of the system (||) , they are awkward and not suitable for 
physical discussion. We will adopt a different strategy. 
With the assumption that the strengths Ti, T 2 and n are 
real (without loss of generality) , the momentum operator 
([0) can be written as a linear combination 



G> = h(T 1 X 1 + T 2 X 2 + kX 3 



of Hermitian generators 



x x = A S1 A it + Al Al , x 2 = A S2 A i2 + A\ 2 A\ 2 



A, = X, it + Al A 



(5) 
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L 3 ^t\^i 2 ~r 

These, together with other three Hermitian generators, 

x 4 = i(A 81 A i2 - AtJl), x 5 = i{A lx A S2 - A\AD 
x e = A sl At 2 +At i A S2 , (7) 

comprise a closed six dimensional algebra 

[Xi,Xj] = iCijX k , i,j,k = l,..,6. (8) 

The real structure coefficients Cy need not be specified 

here; note only that [Xi,X 2 ] = [X 3 , X e ] = [A 4 , A 5 ] = 0. 
Closeness of the algebra (||) guarantees the possibility to 
decompose the evolution operator of the system as follows 



; £Gz _ e ig$(z)X 5 e ig 4 (z)X ie ig 1 (z)X le ig 2 (z)X2 
xe iga(z)X 3 e ig 6 (z)X B 



(9) 



Physically, this corresponds to replacing the discussed 
experimental setup with a sequence of simpler devices 
like downconvertors (Xi, X 2 , X4, A5), and beamsplit- 
ters (A3, Xq) generating the same output fields |Uj. To a 
given interaction length L of the original device (]l[) there 
corresponds a substituting scheme (^|) with a particu- 
lar choice of the coupling parameters, gi = Qi{L). The 
reasons for substituting the original device are twofold. 
First, for the given values of the parameters gi the 
input-output transformation provided by the substitut- 
ing scheme is relatively simple, thus suitable for physical 
discussion. Moreover, well below threshold, where all the 
output intensities are low, the parameters gi, g 2 , 34, and 
#5 of the downconvertors of the corresponding substitut- 
ing scheme are expected to be small. Then one can solve 
for the input-output transformation to only a low order 
in those four parameters resulting in further simplifica- 
tions. In this way the long-time dynamics of the original 
device (Fig. [TJ) is mapped into the short-time dynamics 
of the substituting scheme. 

Since we are only interested in the spontaneous pro- 
cess where all the modes of the original device start from 
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vacuum the presence of beamsplitters A3 and A@ in the 
substituting scheme is irrelevant [their exponential oper- 
ators act on vacuum] . This is why the particular ordering 
in (H) has been chosen. The remaining four downconver- 
tors, see Fig. [| constitute the sought substituting scheme 
which, for input vacuum states, is equivalent to the orig- 
inal setup (Fig. [j]). Here the links between the experi- 
ment on the induced emission jjj and our continuously 
coupled device start to appear. Two simultaneous exper- 
imental arrangements of Zou et al. can be recognized in 
Fig. |3|; one being formed by downconvertors 1 and 5, the 
other being formed by the remaining two. This similarity 
will help us to explain the induced coherence observed in 
Fig. | 

In order to keep algebra simple we will assume that at 
most one downconverted pair of photons is present in the 
substituting scheme. This is usually a good approxima- 
tion under standard experimental conditions. This also 
corresponds to the situation when the original device op- 
erates well below threshold, see Fig. [| Low mean num- 
ber of output signal photons implies small magnitudes 
of nonlinearities \g%\, as can be seen from the following 
inequality, 

(n si } + (h S2 } > sinh 2 g\ + sinh 2 g 2 + sinh 2 54 

+ sinh 2 55 , (10) 

which immediately yields an upper bound on \gi\, 



1^1 < sinh (n si ) + (n S2 )). 



(11) 



The evolution operator of the first pair of downconver- 
tors in Fig. U to the first order in the nonlinear coupling 
parameters reads 



U l = l + ig l At i Al i +ig 2 At 2 Al 



(12) 



Similarly, the evolution of the second pair of downcon- 
vertors is governed by the operator 



U 2 = l + g i Ai i Al 2 +g 5 Al 2 Al 1 



(13) 



Note that annihilation operators do not contribute to 
Eqs. (|l|) and @ because we assume that at most one 
pair of photons is created in the substituting scheme. 
The input vacuum state develops into the output state 

|*) « (1 - |vac)(vac|)C/ 2 C/i|vac) » ,g 4 |1001) + ,g 5 |0110) 
+%|1100) + i 92 |0011), (14) 

where the redundant vacuum component has been pro- 
jected out and only terms to the first order in the 
nonlinear coupling parameters have been kept. We 
have introduced a short-hand notation \n1n2nzn4) = 
\ n i)si \ n 2)i 1 \nz) S2 \ n A)i 2 ■ Here and in the following we 
omit unimportant normalization factors. The mutual 
coherence of the signal beams is, according to Eq. (||), 
given by the transition probability amplitude between 
the states 



i S2 |*} = ff5 |0100)+i 52 |0001), 
i Sl |#) = i 5 i|0100) + .g 4 |0001). 



(15) 



It is convenient to define two vectors whose components 
are proportional to the nonlinear coupling parameters of 
the four downconvertors, 



(16) 



In terms of vectors u and v, the normalized mutual co- 
herence of signal beams reads 





|7| 5 



(fllfl5 ~ ff2ff4) 2 

{gl + gi){gi + glY 



(17) 



The calculation of the mutual coherence of signal beams 
thus has been reduced to considering the mutual geome- 
try of the vectors u and v. If the parameters of the sub- 
stituting scheme are such that the vectors are orthogonal, 
the mutual coherence 7 vanishes and the signal beams do 
not interfere. In the opposite extreme case when the vec- 
tors u and v are almost collinear, the mutual coherence 
attains its maximum magnitude and the signal beams 
become first-order coherent. An example of the latter 
situation is the experiment of Zou et al. [Q, which is a 
special case of the setup in Fig. || with g\ — g 5 = or 
g-2 = 54 = 0. 

In the following we will show that the mutual coher- 
ence of signal beams strongly depends on the amount 
of the which-way information about them that is car- 
ried by the idler beams. Before any measurement on 
the system is attempted, the only which-way informa- 
tion about the signal photon that is available arises from 
different intensities of signal beams. This information 
will be called prior which-way information. Provided the 
idler beams carry information about the signal photon, 
the prior which-way information can be updated by per- 
forming a suitable measurement on them. 

First let us discuss the incoherent case. When the vec- 
tors u and v are orthogonal, the output state \9) can be 
rewritten as follows, 

I*) = — |</>i)i|01) s + \p 2 )i\10) s , (u-Lv) (18) 
where the states \ipi) and [9C2) of the idler beams, 



\<Pi)=gi\10)i + igi\Ql) h 
|¥> 2 ) =*ffi|10>i + 54|01)i > 



(19) 



are orthogonal. This means that there is a measurement 
on the idler beams yielding a perfect which-way informa- 
tion about the signal photon, for instance, the measure- 
ment having the spectral decomposition 



(20) 
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If the outcome corresponding to \ipi) is detected the sig- 
nal photon is projected to mode S2- If, on the other 
hand, \if2) is detected, the signal photon is projected to 
mode si. Perfect knowledge of the signal photon's path 
precludes the interference. Provided the parameters of 
the substituting scheme are such that the vectors u and 
v are not completely orthogonal, the decomposition Jl8| ) 
with orthogonal states of the idler beams is not possible; 
the knowledge of the signal photon's path is then only 
partial. Nevertheless, one can still think of the measur- 
ing apparatus ( p0| ) as of the ideal which-way apparatus - 
ideal in the sense that it gives perfect which-way knowl- 
edge in the limit u- v — > 0. Eigenvectors of S can be used 
to decompose the output state in the spirit of (111), 



|*} = |uxv||^ 1 ) l |01) s 

+ |p a ) i (-iu-v|01) a + u a |10) a ). 



(21) 



Now, the gained amount of information about the signal 
photon will depend on the outcome of the measurement 
of S. If the result \<pi) is detected, the signal photon will 
be localized in the mode s 2 with certainty, and there- 
fore it will not contribute to the interference pattern. If, 
however, we end up with the result ^2), the state of 
the signal photon will become a coherent superposition 
of states "photon being in mode si" and "photon being 
in mode S2", and I7I attains the maximum value of one. 
Since both the outcomes occur in random, the mutual co- 
herence |7| becomes a weighted sum of zero and one. As 
the angle between the vectors u and v gets smaller, the 
probability of the former unambiguous case to happen 
gets smaller, too. When the vectors become collinear, 
the output state ( |l4] ) becomes a factorized state. In this 
case, the state of the signal field after the measurement 
will be the pure superposition 



|*), = ±i«|01) a + «|10), 



(u||v), 



(22) 



and the mutual coherence will be maximum, in agree- 
ment with Eq. (|l7j). Because the diagonal elements of 
the state (|22| ) in {|10} s , 01) s } basis are the same as those 
of the pre- measurement state (|l4|), the posterior which- 
way information equals the prior which-way information 
and no additional which-way information is gained by the 
measurement. 

It is interesting to look closely at the measurement S 
and its relation to the optimum which-way measurement 
in the experiment of Zou et al. which is nothing else 
than the counting of idler photons in modes i\ and ii- 
Eigenvectors of S ( 19 ) can be parameterized by an angle 



sin0|lO)i + i cos0|Ol)i 
icos(/>|10)i + sin0|Ol)i 



sin < 



.94 



(23) 



(24) 



Hence the measurement S can be rewritten in terms of 
the z-component of the Stokes operator acting on the 
two-mode idler field, S z = |01)(01| - |10)(10|, 



S 



(25) 



where a y is Pauli matrix. Notice that on the subspace 
of the Hilbert space of the idler modes with the total 
number of idler photons + rii 2 — 1 the operator S z is 
just the measurement of the difference of the numbers of 
photons in modes i% and S z — h i2 — This is the 
ideal which-way measurement in the experiments of Zou 
et al. Here the situation is similar. The ideal which-way 
detection differs from it only by a rotation given by the 
coupling parameters of the substituting scheme. 

The parameters of the substituting scheme can be 
found by differentiating both sides of Eq. (||) and rear- 
ranging the right-hand side [jll| . In this way one obtains a 
system of nonlinear differential equations for the sought 
parameters, which can be solved by numerical integra- 
tion. There is also another approach |Io(| which makes 
use of correlation functions and the fact that all the in- 
put modes are in the vacuum state. This procedure yields 
explicit expressions for the unknown parameters <?j, see 
Appendix. 

The oriented angle between the vectors u and v charac- 
terizing the substituting scheme is displayed in Fig. |^ for 
the same coupling strengths of the original device as that 
in Fig. |2|. Notice that zeros/maxima of the signal mutual 
coherence in Fig. ^| indeed coincide with the interaction 
lengths for which the vectors u and v become orthogo- 
nal/parallel, in agreement with Eq. (17). One can also 
check that all the coupling parameters of the active ele- 
ments are small; in this case it holds that | (71,2,4,5 1 < 0.2. 
Since the probability of having more than one photon 
pair in the substituting scheme scales as Y^i9i> the ap- 
proximations ( |l2| ) and ( |i~3"| ) are fully justified well below 
threshold. This proves our claim that also in the case 
of continuously coupled downconvertors the coherence of 
signal beams is governed by the principal indistinguisha- 
bility of signal photons. Our device can thus be regarded 
as an interesting generalization of the experimental setup 
of Zou et al. where the distinguishability of signal pho- 
tons can be controlled by the length of the device itself 
rather than by using auxiliary optical elements. 



B. Setup of Ou et al. 

An alternative representation of two continuously cou- 
pled downconvertors is possible. It has been shown in |T^ ] 
that any four-mode unitary transformation leaving the 
set of Gaussian states invariant can be realized by using 
only four single-mode squeezers placed in between two 
four-port linear interferometers. In our case we can fur- 
ther simplify such scheme if we use two-mode squeezers 
(nondegenerate downconvertors) instead of single-mode 
squeezers. The continuously coupled downconvertors can 
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be replaced with a sequence of two beamsplitters followed 
by two downconvertors and another two beamsplitters. 
Since we consider spontaneous process, the first pair of 
beamsplitters can be omitted, see Fig. ||. Notice that 
actually this is the same arrangement as the well-known 
two-photon interferometer of Ou et al. ||. Its four rel- 
evant parameters, the nonlinear coupling parameters gi 
and g 2 of the two downconvertors, and the mixing angles 
4> s , (f>i of the two beamsplitters are determined by the 
coupling strengths Ti, r 2 , k, and the interaction length 
L of the original continuously coupled device. 

The mutual coherence of signal beams can now be ex- 
pressed as 



(n Sl ) - (h S2 ) 



sm(2p s 



where 



(N S1 ) 
(N S2 ) 



and 



(fi Sl ) cos 2 4> s + (n^) sin 2 cf> s , 
{n Sl )sm 2 <p s + {h S2 )cos 2 4> s , 

(n S] } = sinh 2 gj 



(26) 



(27) 



(28) 



are mean numbers of photons in signal modes at the out- 
put of the two downconvertors. The degree of coherence 
7 depends on the mixing angle <p s of the signal beam- 
splitter. However, more important is the dependence on 
the difference of the mean numbers of photons (n Sj ) . If 
.9i = .92, then {n Sl ) = (n S2 ) and 7 = 0. On the other 
hand, if gi — or g 2 — then I7I — 1 irrespective of p s 
and the two output signal modes are fully coherent. If 
the two continuously coupled downconvertors effectively 
behave like a single downconvertor followed by beam- 
splitters, then the two output signal modes stem from 
a single mode in chaotic state mixed with vacuum at a 
beamsplitter. This leads to the full coherence of the two 
output signal modes. On the other hand, if the device ef- 
fectively behaves like two identical downconvertors then 
both signal modes mixed at BS S are in chaotic state with 
the same mean numbers of photons (n Sl ) ~ (n S2 ) and 
no coherence can be observed at the output. When the 
interaction length L is varied one can continuously move 
from the regime where one downconvertor is dominant to 
the regime where both downconvertors have comparable 
output. These transitions result in sharp peaks observed 
in Fig. |^. A typical behavior of parameters g\ and g 2 is 
shown in Fig. |6[ Notice that interaction lengths for which 
one of the parameters is zero or \g\\ = \g 2 \ correspond to 
full or no coherence in Fig. Q 

The analysis of the coherence properties of continu- 
ously coupled downconvertors in terms of which- way in- 
formation presented in the previous subsection can equiv- 
alcntly be done using the present scheme. Since the anal- 
ysis would lead to the same interpretation as in previous 
subsection we do not repeat it here. We just note that 



it follows from Eq. ( |28| ) that the parameters g\ and g 2 
of the present substituting scheme are small well below 
the threshold where the output intensity is low, see also 
Fig. I 

Having seen that one device - two continuously cou- 
pled downconvertors - can be replaced with two different 
schemes resembling two famous experiments one may ask 
whether the experimental arrangements themselves are in 
some sense equivalent. The affirmative answer of course 
stems from the fact that both the experiments |l| and || 
utilize the same optical elements whose action falls to the 
same group of transformations. Just for completeness let 
us show how the two-photon interferometer (Fig. ^]) can 
be used to analyze the experiment on the induced coher- 
ence without induced emission . The setup consists of 
two downconvertors with parameters r\ and r 2 . The idler 
mode coming from the first crystal is partially injected 
in the second one. This is realized, e.g. by placing a 
beamsplitter with mixing angle ip in between them. The 
input-output transformation of this device reads jl3| 

A Sl>ou t = A Sl coshri + iA^ sinhri, 

^4s 2 ,out = — iA Sl sinhri sin ip sinh r 2 + A S2 cosily 

+A\ cosh r\ sin ip sinh r 2 + iA i2 cos ip sinh r 2 , 
^4ii,out = iA\ sinhri cosip 

+Ai t cosh ri cos ip + iAi 2 sin ip, 
Ai 2 , out = — sinhri sin ip cosh r 2 + iA\ sinhr2 

+i Ai t cosh ri sin -0 cosh r 2 + Ai 2 cos ip cosh r 2 . 

(29) 

In the original setup of Zou et al. the mutual coher- 
ence of the signal beams was controlled by the value of 
mixing angle ip. When the idler beams were perfectly su- 
perposed, ip = it/2, the signal beams were fully coherent, 
7 1 = 1, because the idler photons did not contain any 
which-way information. In the opposite extreme ip = 0, 
the signal modes were completely incoherent, 7 = 0, be- 
cause the idler photons in principle could allow one to 
determine whether the signal photon had come from the 
first or the second downconvertor. 

Let us now show how this dependence of 7 on ip is 
reflected in the substituting scheme shown in Fig. |5[ In 
Fig. [?] we plot 7 and gi, g 2 as functions of the mixing 
angle ip. As could be expected, 7 increases with ip from 
at^ = 0tolat^ = 7r/2. Also the squeezing constant g\ 
increases with ip, while g 2 decreases and reaches at ip = 
Tt/2. The coherence 7 increases with growing ratio g\/g 2 
in agreement with Eq. (p6|). If the idler modes of the 
two downconvertors are perfectly aligned, then the whole 
setup is equivalent to a single downconvertor followed by 
a beamsplitter. Since there is only one source of signal 
photons in this case, the output signal beams are fully 
coherent. 
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IV. DISCUSSION AND CONCLUSIONS 

We have found that idler beams of two continuously 
coupled downconvertors become periodically strongly 
correlated (uncorrelated) with signals in the course of 
evolution. This is reflected in the entangled (disentan- 
gled) nature of the signal-idler field (Q) and resembles 
the interaction of a quantum system (signal modes) with 
a quantum meter (idler modes). One may loosly say that 
the signal modes are periodically "observed" by the idler 
modes. Yet one has to realize that no bona fide measure- 
ment is being performed in this way. An essential part 
of any such measurement - the reading of the quantum 
meter by a classical apparatus - is missing here. The 
signal field is not projected but continues the unitary 
evolution. Nevertheless, the entanglement of signal and 
idler fields, which is responsible for destroying the sig- 
nal coherence is enough to disturb the phase relations 
between interacting modes and slow down the downcon- 
version process ||. As the coupling of idler modes be- 
comes stronger the frequency of "observations" of the 
signal field by the idler one increases. In the limit of 
very large n the two downconversion processes become 
completely frozen and no photon pairs are being created 
anymore. This effect, usually called the quantum Zeno 
effect , provides an alternative explanation of why two 
strongly coupled downcorvertors operate below thresh- 
old. Similar situation in another experimental setup has 
been analyzed in || . This effect has been interpreted as 
the quantum Zeno effect caused by a continuous obser- 
vation of one mode of light by another one. It is well 
known that frequently repeated measurements and con- 
tinuous observation (or interactions) can hinder evolu- 
tion of a quantum system in a similar way Q. Some 
quantitative statements relating the frequency of discrete 
measurements to the strength of continuous interactions 
having the same effect can even be found in the liter- 
ature [ ^5[ . The experimental arrangement discussed in 
this paper is an interesting example of a system where 
such discrete disturbances naturally arise from a contin- 
uous interaction between its constituent parts. 
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In order to find analytical expressions for the param- 
eters of the substituting schemes, we consider output 
state generated from the vacuum and propagate this state 
backward through the schemes. At each step, some cor- 
relations between the four modes vanish, which provides 
us with equations for the unknown parameters. Let us 
begin with the scheme shown in Fig. |^. When we prop- 
agate the output modes in front of the second pair of 
downconvertors, we get 



A c = M 45 A 



where 



M 



45 



45 -"-out 1 



cosh 34 — sinh (74 

cosh <?5 — sinh g§ 

— sinh g 5 cosh g 5 

— sinh g4 cosh 34 



(A4) 

The modes si jC and i\. c are not correlated with S2, c and 
i2, c - In particular, 

(Ai Sl , c Ai i2)C ) = 0, (AA S2:C AA luC ) = 0. (A5) 

We can solve these two equations for the parameters 34 
and g 5 , 



tanh(2(?4) : 
tanh(2g 5 ) 
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^Sl,OUt H~ -0*2, OUt 
2^S2?T ,OUt 
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S2 ,OUt 
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(A6) 



i\ ,out 



where 



APPENDIX: PARAMETERS OF THE 
SUBSTITUTING SCHEMES 

This derivation closely follows the general procedure of 
Rcf. pO| , Sec. IIC. In the Heisenberg picture, the vector 
of operators 



-^/.out 



(AAj, out 

(Ait 



AA fc!OUt ), 
)■ 



,i,out AA,- iOU t 



(A7) 



Since all the input modes a re i n vacuum state it is easy 
to express the correlations (A7) in terms of the elements 
of matrix M flfOl. We find, 
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+ M 12 M 32 , 


U S\%2 ,out 
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+ Mi 2 M 42 , 
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— Moi Mi-, 
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— 1 M-, 1 2 4- 
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1 M, „ I 2 
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-^S2 ,OUt 
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|M 24 | 2 , 
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= |M 3 i| 2 + 


|M 32 | 2 , 


-^22 ,OUt 


= |M 4 i| 2 + 


|M 42 | 2 . 



(A8) 



In the next step we propagate A c back in front of the 
first pair of downconvertors, Ai n = Mi 2 A c , 



n 2 

■ S\l\ ,out 



D 2 

S\%2 ,OUt 



n 2 

S2«l , OUt 



D 2 



D 



S\i\ ,OUt^Si«2 ,out 



S2«l , OUt -^52*2 ,OUt 



(A14) 



When we know <^> Sl , we calculate the matrix M c = M^M 
and determine the parameters g\ and gi from Eq. ( Allj ). 

The above formulas also enable us to find the parame- 
ters of the interferometer of Ou et al. || which is equiv- 
alent to the particular experimental setup of Zou et al. 
Q. The elements of the appropriate matrix M can be 
read off t he fo rmula s (p9 ) and then we can directly use 
the Eqs. flAlip and flAl3). 



M 12 



/ cosh gi — isinhgi 

coshg 2 —zsinhg 2 

isinhgi cosh 51 

\ i sinh g 2 cosh <? 2 



(A9) 

Since the input modes are in vacuum states, all correla- 
tions should vanish. In particular, we have 

(Ai Sl a n Ai iliin ) = 0, (Ai S2)in Al i3 , ln ) = 0. (A10) 



Upon solving the Eqs. (A10) for the parameters g\ and 
52, we get 



tanh(2gi) = 
tanh(2<? 2 ) 



-2iD, 



B SU C + Bi-t.c + 1 

— 2iD S2 i 2C 
B S2 ,c + B i2 ^ c + 1 



(All) 



The correlations -Djfc, c and Bj C of operators Aj C can 
be expressed in terms of the elements of the matrix 
M c = M45M. One can directly use Eq. (A8) where 
M is replaced with M c . We note that D Sl i liC and D S2 i 2tC 
are p urely imaginary hence the right-hand sides of Eq. 
( |All| ) are real. 

The calculation of the parameters of the substituting 
scheme shown in Fig. [5] proceeds along similar lines. We 
propagate the output modes in front of the beamsplitters, 
A c = M^MAjn, where 



COS 4> s 


—i sin</) s 








—i sin <fi s 


COS (j)s 














COS 4>i 


i sin 








i sin <f>i 


cos 



(A12) 



The conditions (A5) provide system of two coupled equa- 
tions for tan <A, and tan <A,- whose solution reads 



tan (A, = 



D 



S\l2 ,OUt 



tan < 



D S2 ii,out tanc 



iD 



S212 ,OUt 



tan& = ^{-P± Vp 2 +4), 



(A13) 
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FIG. 1. Experimental arrangement; gray color indicates 
the linear interaction region; BS - beamsplitter, D - detector. 




FIG. 2. Mutual coherence of signal beams (solid line); 
mean total number of signal photons for the same interac- 
tion length L (dotted line); k = 3, Ti = 0.1, r 2 = 0.3. 




FIG. 3. Substituting scheme for the two continuously cou- 
pled downconvertors shown in Fig. [lj. Notice that the con- 
tinuous interaction of three modes is replaced by a sequence 
of simpler devices at the expense of doubling the number of 
active elements. 
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FIG. 4. Mutual orientation of vectors u and v character- 
izing the substituting scheme of Fig. ^ which can substitute 
the continuously coupled device with k = 3, Ti = 0.1, and 
T 2 = 0.3 (compare to Fig. §). 




FIG. 5. Substituting scheme for two continuously coupled 
downconvertors which is equivalent to the interferometer of 
Ou et al. Provided that all the input modes are in vacuum 
state, two downconvertors and two beamsplitters are enough 
to replace the original continuously coupled device. 
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FIG. 6. Parameters characterizing the substituting 
scheme (two-photon interferometer of Ou et al.) for two con- 
tinuously coupled downconvertors. The coupling strengths 
of the original device are the same as in Figs. H and h ; gi 
(circles), gi (squares). 
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FIG. 7. The two-photon interferometer of Ou et al. 
(Fig. |f]) can simulate the experimental setup of Zou et al. (two 
downconvertors with aligned idler beams). The parameters 
characterizing the substituting scheme are shown as functions 
of the mixing angle of the beamsplitter controlling the align- 
ment of idler beams in the experiment of Zou et al. (tp = 7r/2 
means perfect alignment); n = =0.1. 







